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Abstract 
 The positive interband Josephson interaction leads to emergence of non-trivial order parameters such as a sign-reversal one for a 
two-band superconductor, a frustrated superconductivity for a three-band superconductor. The frustrated superconductivity appears 
on the way to fully incoherent state due to the Coulomb interaction. The physical background of the frustrated superconductivity is 
transparent and the effect can be directly examined in the fluctuation of the interband phase difference. To understand the 
relationship between the phase fluctuation and an emergence of the chiral superconductivity, we examine a simple situation, which 
is almost degenerated system using Ginzburg-Landau theory. The frustration retains the interband phase difference fluctuation and 
this fluctuation becomes a seed of a chiral domain. 
 
© 2011 Published by Elsevier Ltd. Selection and/or peer-review under responsibility of ISS Program Committee. 
 
Keywords: Soliton; Multi-band superconductor; Multi-component superconductivity; chiral superconductivity; Kibble mechanism 
1. Introduction  
Composing Bardeen, Cooper and Schrieffer (BCS) pairs, electrons start to condensate into macroscopic quantum 
state at the superconducting transition temperature (Tc) with decreasing temperature [1]. System composed of electrons 
abandon freedoms of the order of Avogadro’s number and select one quantum phase. However if there is a contrast of 
the pair interaction, some of the freedoms can survive and play a vital role. One of the typical conditions is realized in 
the multi-component superconductivity based on the multi-band superconductor [2-4]. The interband interaction is 
very weak comparing to the intraband interaction. We consider that each band has each quantum phase and interacts 
with other band weakly. The system has the interband phase difference other than the conventional quantum phase 
coupling to the electromagnetic field directly. This situation had been suggested in the multilayer cuprate 
superconductor [5-8]. A same consideration has been expanded on other multi-band superconductors such as MgB2 [9] 
and Fe-based superconductors [10]. 
The interband phase difference soliton is one of the typical signatures of the multi-band superconductors [4], which 
had been observed artificial pseudo two-component superconductivity realized on the bi-layer system [11] and ultra 
underdoped cuprate superconductor [12]. When we introduce the positive interband interaction the phase difference 
can spread over a whole specimen and the chiral superconductivity can emerge [3,13-18]. 
There are two scenarios on the emergence of the chiral superconductivity on non-degenerated case in three band 
superconductor [14,18]. The non-chiral superconductivity occurs at higher temperature and then chiral symmetry 
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breaks with decreasing temperature according to Ref. [14]. On the contrary, the phase difference of zero at Tc 
gradually grows and becomes a finite value according to Ref. [18]. In both case, the system loses all symmetries other 
than the conventional superconducting quantum phase coupling to electromagnetic field (Electromagnetic U(1) 
symmetry.) at Tc. In a conventional double order parameter system, the chiral state occurs due to the condensation of 
the second species [19]. In other words, the high symmetry is retained between higher critical temperature and lower 
critical temperature because of the vanishing of condensation of the second species. It is not a case for the multi-band 
superconductor. In case of the superconductivity, the pair potential smears the individuality of BCS pairs and then 
these pairs condensate. The interband phase difference can be considered as the internal freedoms of the pair from this 
view point [20]. Though the Ginzburg-Landau theory composed of pseudo-order parameters gives a transparent 
outlook, we have to distinguish between a real double order parameter system such a multiferroic  and condensation of 
the single species having internal degree of freedoms. Moreover these internal freedoms are given by the band 
structure, which is different from the triplet superconductivity. The internal freedoms of the triplet superconductivity 
come from the spin, which is inherent properties of electron and is not given from outside [21]. Though, the fluctuation 
of the internal degree of freedom cannot be considered as same as that of triplet superconductivity, topology and 
fluctuation of the internal freedoms are essential on the phase transition in view of the spontaneous symmetry breaking 
aspect.   In theories of refs. [14] and [18] the role of the interband phase difference fluctuations was not considered. In 
this article we discuss the relationship between the chiral symmetry breakdown and the interband phase difference 
fluctuation in the frame work of the Ginzburg-Landau formalism. We shows the chiral superconductivity grows from 
the interband phase difference fluctuation.  
 
2. Formalism 
When the interband interactions are very weak comparing to the intraband interactions, we can consider the number 
of the BCS pair on the each band is primarily determined by the intraband interaction. In this situation we can obtain 
the free energy of the three component superconductivity based on the three bands superconductor [15]: 
 
 
)exp( QQQ T\\ i describes pseudo-order parameter indexed by Q, where QQ\ N 
2
  and QT  are density and phase of pair. 
mQ* is mass of pair and  PQQPPQ \\\\J
   described interband interaction between P-th band and Q-th band.  Interband 
contribution can be deduced from this equation when 
2
Q\  is determined by the intraband interaction as described 
above (extended London approximation, 0| Q\ ). For simplicity, we consider one case where m2*=m3*, 321 DDD  |  , 
0233112 !| JJJ  , 21 DD !  and 2312 JJ ! .  In this situation a typical interband phase difference fluctuation is scissoring 
mode between band 2 and band 3 as shown in Figs. 1(a)-(c). When we take interaction F=T3-T2,  the interband 
contribution to the free energy,  Ff , can be reduced into : 
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We use the condition, in which there is no spatial current,        0*2/*2/*2/* 333222111   TTT !!! mNmNmNeJ   [4]. 
When the interband interaction is much smaller than the intraband interaction, the condensation energy, Hc2/8S,  
mainly comes from intraband contribution and is given by 22222 *16/ O[Sec!  , where c, e*, [ and O are the velocity of 
light, charge of pair, a coherence length and a penetration depth. When we denote a small contribution coming from 
interband contribution as  QPPQPQ JS NNHc 28/2   [22], and introduce  QQQ SO Necm 2*2*2 4/  [23] Klein-Gordon equation 
given by Eq. (2) can be reduced with 0|F :  
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This formula gives the characteristic length of the fluctuation of the interband phase difference   
        
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The interband phase difference fluctuation in three bands with a positive interband Josephson
interaction can has a “pure” phase fluctuation mode as depicted in Figs. 1 (a)-(c) [24]. In case of two band 
superconductor, the amplitude fluctuation should accompany with the phase fluctuation [2] unless a soliton forms [4]. 
In three-band case, the interband circulating current can occur without a real spatial current [16].  The fluctuation 
larger than the coherence length can be surely expected according to Eq. (4). In our considered case, the pattern of the 
order parameter at Tc is expected to be Fig. (b). This order parameter transforms into a pattern like a Mercedes Benz 
logo at 0 K [14,15-17] as shown in Fig. (d) and (e). When the superconducting gap in the 2nd band and the 3rd grows 
up with decreasing temperature, it enhances the fluctuation of the interband phase difference. A detail calculation 
sometimes presents the presence of some interband phase difference mode having an imaginary frequency [24]. It 
directly suggests a chiral instability and some other calculation shows it [18]. On the theoretical calculation, we have 
to mind that any detail calculation never gives a proper gap structure if the proper trial function is not taken [16]. This 
situation emerges due to the positive Josephson interaction.   
The reported mean field BCS formalism [14,18] does not take into account the interband phase difference 
fluctuation on the frustrated superconductivity. This formalism does not present how a finite interband phase 
difference occurs. The present work shows how the chiral superconductivity grows from the interband phase 
difference fluctuation qualitatively. How to explore the interband phase difference fluctuation becomes a key issue in 
the experimental study. 
The fluctuation of the interband phase difference is hidden from the electromagnetic field. One way to access this 
situation is a macroscopic counting of the number of the fluctuation, in other words, the entropy. The fluctuation 
reserves some of the entropy released by the BCS pair formation. It means generation of the interband phase 
difference fluctuations results in the suppression of the specific heat jump at Tc. 
The present model means the interband phase difference fluctuation dose not directly couple to the phonons in the 
frustrated superconductivity unlike pair breaking. It either does not emit the photons. In other word, this fluctuation is 
isolated from the thermal bath. It suggests that Kibble mechanism [25]  would be able to freeze the interband phase 
difference fluctuation more easily than the conventional superconducting quantum phase fluctuation. 
Using a fractional magnetic vortex trapped on the chiral domain, we can indirectly detect the emergency of chiral 
domain. We can survey quenching speed dependence of the magnetization by a usual magnetic measurement. We may 
see destruction of the domain through a decay of the magnetization below Tc keeping a constant temperature. These all 
are indirect measurement using trapped magnetic flux. When we find abnormal magnetic properties in a newly 
developed superconducting sample, we should consider the effect of the interband phase difference fluctuation. 
Actually, we had found a probable candidate in Fe-based superconductors varying the composition [10].  
The chiral domain can be trapped at the weak link. The formation energy of the domain wall of which area S, can 
be estimated using Eq. (2) with 231223212 ccc HHH    and 321 OOO   , 
 
.                  (5) 
 
We approximate the interband Josephson term by )3/2cos( xS . This estimation suggests the constriction, of which size 
is order of coherence length becomes effectively the center of the formation of the domain wall. Weak links of the 
polycrystalline sample may give such a center. When we try to use these kinds of the chiral superconductor as a 
platform for the conventional quantum application like a superconducting quantum interference device (SQUID), we 
have to eliminate these unexpected domain structure.  
There are other configurations on the chiral superconductivity. The fluctuation of the interband phase difference 
would be a seed of the chiral arrangement for these other configuration.  When a real superconductor would be 
specified in a future, we will consider which pattern is the most proper for each real situation. 
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Fig. 1. The fluctuation of the interband phase difference just below Tc are shown (a) – (c) on the case we consider this article. (b) shows the order 
parameter arrangement at Tc, where as  (d) and (e) show two chiral state at 0 K.   
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4. Summary 
We discuss the relationship between a fluctuation of the interband phase difference and the chiral superconducting 
ground state. We interpreted that the interband phase difference fluctuation grows up into the chiral state on the 
frustrated superconductivity. The fluctuation and emergence of the chiral state would be experimentally studied by the 
specific heat measurement and the detection of formation of chiral domains by quenching. 
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